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Abstract
The purpose of this paper is to generalize some integral inequalities in two
independent variables with delay which can be used as handy tools in the study of
certain partial diﬀerential equations and integral equations with delay. An application
is given to illustrate the usefulness of our results.
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1 Introduction
The integral inequalities which provide explicit bounds on unknown functions play an im-
portant role in the development of the theory of diﬀerential and integral equations. The
Gronwall-Bellman inequality and its various linear and nonlinear generalizations are cru-
cial in the discussion of the existence, uniqueness, continuation, boundedness, oscillation
and stability, and other qualitative properties of solutions of diﬀerential and integral equa-
tions. The literature on such inequalities and their applications is vast; see [–] and the
references given therein.






















Motivated by the results obtained in [, ] and [] we establish a general two indepen-
dent variables retarded version which can be used as a tool to study the boundedness of
solutions of diﬀerential and integral equations.
2 Main results
In what follows, R denotes the set of real numbers, R+ = [,+∞), I = [,M], I = [,N]
are the given subsets of R, and  = I × I. Ci(A,B) denotes the class of all i times contin-
uously diﬀerentiable functions deﬁned on a set A with range in the set B (i = , , . . .) and
C(A,B) = C(A,B).
Lemma . Let u(x, y), f (x, y),σ (x, y) ∈ C(,R+) and a(x, y) ∈ C(,R+) be nondecreasing
with respect to (x, y) ∈ , let α ∈ C(I, I), β ∈ C(I, I) be nondecreasing with α(x)≤ x on
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I, β(y)≤ y on I. Further letψ ,ω ∈ C(R+,R+) be nondecreasing functions with {ψ ,ω}(u) > 




























σ (s, t)f (s, t)dt ds
]}
(.)









ω(ψ–(s)) = +∞ (.)




 σ(s, t)f (s, t)dt ds) ∈ Dom(G–).
Theorem . Let u, a, f , α, and β be as in Lemma .. Let σ(x, y),σ(x, y) ∈ C(,R+).
Further ψ ,ω,η ∈ C(R+,R+) be nondecreasing functions with {ψ ,ω,η}(u) >  for u > , and
limu→+∞ ψ(u) = +∞.



































σ(s, t)f (s, t)dt ds
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(.)




















 σ(s, t)f (s, t)dt ds) ∈ Dom(G–).













































σ(s, t)f (s, t)dt ds
])}
(.)
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η(ψ–(G–(s))) , v≥ v > , F(+∞) = +∞, (.)




 σ(s, t)f (s, t)dt ds] ∈ Dom(F–).













































σ(s, t)f (s, t)dt ds
])}
(.)
for ≤ x≤ x, ≤ y≤ y where





















 σ(s, t)f (s, t)dt ds] ∈ Dom(F–).
The proof of the theorem will be given in the next section.
Remark . If we take σ(x, y) = , then Theorem .(A) reduces to Lemma ..
Corollary . Let the functions u, f , σ, σ, a, α, and β be as in Theorem .. Further
q > p >  are constants.
(B) If u(x, y) satisﬁes











σ(τ , t)up(τ , t)dτ
]
dt ds (.)
for (x, y) ∈ , then

















(B) If u(x, y) satisﬁes











σ(τ , t)up(τ , t)dτ
]
dt ds (.)
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Corollary . Let the functions u, a, f , σ, σ, α, and β be as in Theorem .. Further q, p,
and r are constants with p > , r >  and q > p + r.
(C) If u(x, y) satisﬁes











σ(τ , t)up(τ , t)dτ
]
dt ds (.)































(C) If u(x, y) satisﬁes











σ(τ , t)up(τ , t)ur(τ , t)dτ
]
dt ds (.)
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σ(s, t)f (s, t)dt ds
])}
(.)



































 σ(s, t)f (s, t)dt ds] ∈ Dom(F– ).
Theorem . Let u, f , σ, σ, a, α, β ,ψ , and ω be as in Theorem ., and p >  a constant.






































σ(s, t)f (s, t)dt ds
])}
(.)









[ψ–(s)]p = +∞ (.)
















Remark . The inequality established in Theorem . generalizes Theorem  of []
(with p = , a(x, y) = b(x) + c(x), σ(s, t)f (s, t) = h(s, t), and σ(s, t)(
∫ s
 σ(τ , t)dτ ) = g(s, t)).
Corollary . Let u, f , σ, σ, a, α, β , and ω be as in Theorem . and q > p >  be con-
stants. If u(x, y) satisﬁes
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and F is deﬁned in Theorem ..
Remark . Setting a(x, y) = b(x) + c(x), σ(s, t)f (s, t) = h(s, t), and σ(s, t)(
∫ s
 σ(τ , t)dτ ) =
g(s, t) in Corollary . we obtain Theorem  of [].
Remark . Setting a(x, y) = c
p
p–q , σ(s, t)f (s, t) = h(t), and σ(s, t)(
∫ s
 σ(τ , t)dτ ) = g(t) and
keeping y ﬁxed in Corollary ., we obtain Theorem . of [].
3 Proof of theorems
Proof of Lemma . First we assume that a(x, y) > . Fixing an arbitrary (x, y) ∈ , we
deﬁne a positive and nondecreasing function z(x, y) by










for ≤ x≤ x ≤ x, ≤ y≤ y ≤ y, then z(, y) = z(x, ) = a(x, y) and
u(x, y)≤ ψ–(z(x, y)), (.)





































































Keeping y ﬁxed, setting x = s, integrating the last inequality with respect to s from  to x,

















σ (s, t)f (s, t)dt ds.
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σ (s, t)f (s, t)dt ds
]
.
So from the last inequality and (.) we obtain (.). If a(x, y) = , we carry out the above
procedure with  >  instead of a(x, y) and subsequently let  → . 
Proof of Theorem . (A) By the same steps of the proof of Lemma . we can obtain (.),
with suitable changes.
(A) Assume that a(x, y) > . Fixing an arbitrary (x, y) ∈ , we deﬁne a positive and
nondecreasing function z(x, y) by

























for ≤ x≤ x ≤ x, ≤ y≤ y ≤ y, then z(, y) = z(x, ) = a(x, y) and



































































































































Keeping y ﬁxed, setting x = s integrating the last inequality with respect to s from  to x,











































































σ(s, t)f (s, t)dt ds
])
. (.)
From (.) and (.) we obtain the desired inequality (.).
Nowwe take the case a(x, y) =  for some (x, y) ∈ . Let a(x, y) = a(x, y)+, for all (x, y) ∈
, where  >  is arbitrary, then a(x, y) >  and a(x, y) ∈ C(,R+) be nondecreasing with




































Letting  → +, we obtain (.).
(A) Assume that a(x, y) > . Fixing an arbitrary (x, y) ∈ , we deﬁne a positive and
nondecreasing function z(x, y) by





























for ≤ x≤ x ≤ x, ≤ y≤ y ≤ y, then z(, y) = z(x, ) = a(x, y), and
u(x, y)≤ ψ–(z(x, y)). (.)
By the same steps as the proof of Theorem .(A), we obtain

































Boudeliou and Khellaf Journal of Inequalities and Applications  (2015) 2015:313 Page 9 of 14
We deﬁne a nonnegative and nondecreasing function v(x, y) by





























then v(, y) = v(x, ) =G(a(x, y)),













































































Fixing y and integrating the last inequality with respect to s = x from  to x and using a










































From (.)-(.), and since (x, y) ∈  is chosen arbitrarily, we obtain the desired inequal-
ity (.). If a(x, y) = , we carry out the above procedure with  >  instead of a(x, y) and
subsequently let  → . 
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and hence
G–(v) = v exp(v), v≥ v > .
From equation (.), we obtain the inequality (.).

































we obtain the inequality (.). 
Proof of Corollary . (C) An application of Theorem .(A) with ψ(u) = uq, ω(u) = up,
and η(u) = ur yields the desired inequality (.).
(C) An application of Theorem .(A) with ψ(u) = uq, ω(u) = up, and η(u) = ur yields
the desired inequality (.). 
Proof of Theorem . Suppose that a(x, y) > . Fixing an arbitrary (x, y) ∈ , we deﬁne a
positive and nondecreasing function z(x, y) by




















for ≤ x≤ x ≤ x, ≤ y≤ y ≤ y, then z(, y) = z(x, ) = a(x, y),
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Keeping y ﬁxed, setting x = s and integrating the last inequality with respect to s from  to






































































It is easy to observe that p(x, y) is positive and nondecreasing function for all (x, y) ∈ ,














σ(s, t)f (s, t)dt ds
])
. (.)
From (.) and (.) we get the desired inequality (.).
If a(x, y) = , we carry out the above procedure with  >  instead of a(x, y) and subse-
quently let  → . 
Proof of Theorem . An application of Theorem ., with η(u) = up yields the desired
inequality (.). 
Proof of Corollary . An application of Theorem . with ψ(u(x, y)) = up to (.) yields
the inequality (.); to save space we omit the details. 
4 An application
In this section, we present an application of our results to the qualitative analysis of so-
lutions to the retarded integro diﬀerential equations. We study the boundedness of the
solutions of the initial boundary value problem for partial delay integro diﬀerential equa-
tions of the form


















z(x, ) = a(x), z(, y) = a(y), a() = a() = 
for (x, y) ∈ , where z,b ∈ C(,R+), A ∈ C(×R,R), B ∈ C(×R,R) and h ∈ C(I,R+),
h ∈ C(I,R+) are nondecreasing functions such that h(x) ≤ x on I, h(y) ≤ y on I, and
h′(x) < , h′(y) < .
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Theorem . Assume that the functions b, A, B in (.) satisfy the conditions
∣∣a(x) + a(y)




∣ ≤ qq – pσ(s, t)
[
f (s, t)|z|p + |u|], (.)
∣∣B(τ , t, z)
∣∣ ≤ σ(τ , t)|z|p, (.)
where a(x, y), σ(s, t), f (s, t), and σ(τ , t) are as in Theorem ., q > p >  are constants. If






































, M = Maxy∈I

 – h′(y)
and σ (γ , ξ ) = σ(γ + h(s), ξ + h(t)), σ (μ, ξ ) = σ(μ, ξ + h(t)), f (γ , ξ ) = f (γ + h(s), ξ +
h(t)).
Proof If z(x, y) is any solution of (.), then
















τ , t, z
(





Using the conditions (.)-(.) in (.) we obtain
∣∣z(x, y)




















Now making a change of variables on the right side of (.), s – h(s) = γ , t – h(t) = ξ ,
x – h(x) = α(x) for x ∈ I, y – h(y) = β(y) for y ∈ I we obtain the inequality
∣∣z(x, y)





σ (γ , ξ )
[
f (γ , ξ )











dξ dγ . (.)
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As an application of Corollary .(B) to (.) with u(x, y) = |z(x, y)| we obtain the desired
inequality (.). 
Corollary . If z(x, y) satisﬁes the equation


















z(x, ) = a(x), z(, y) = a(y), a() = a() = 




































f (s, t) +M
∫ s






where σ , f , σ ,M, and M are as in Theorem ..
Proof By an application of Corollary .(B) to (.) we obtain the desired inequality
(.). 
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